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L INTRODUCTION.

This report presents two great circle navigation algorithms, a closest point of approach

(CPA) algorithm and an intercept algorithm. It also presents an implementation program
that is written in the BASIC language for an IBM PC. Instead of using classical spherical
geometry or the general spherical triangle [Rd. 11, these algorithms incorporate rectangular
coordinates and vectors on the surface of the sphere. Portions of the vector formalism were
suggested by Reference 2.

The intent of the report is to provide algorithms for spherical earth modoJs that can
be used for situations in which fiat earth models are not appropriate, but that do not
require the sophistication of rotating earth models.

If. RECTANGULAR COORDINATES AND VECTORS ON A SPHERE

In a spherical earth model, a point P on the earth's surface can be located by a position
vector p = zi+ ra-zk in a rectangular coordinate system with origin at the carth'o center.
In matrix form, and with z, y and z expressed in spherical coordinates,

rcosocosA
p= rcoessinA,

I5rain 0
where 0 is the latitude and A is the longitude at the point and r is the distance of the

point from the earth's center. See Figure 1.
In terms of the unit vector x where

[sil cos 0cosA'
X= Z[cmossinA]

[zkJ sin 0

p = rx. We can think of x an the unit vector normal to the surface at the point. It is
convenient to define two other unit vectors in the tangent plane to the earth's surface at
the point. Thene are local north n and local east e, defined by

-•An - sinAA
B sin sin A and [ co ]X #os n € c0

where

X# and xx~

The vectors x, n and e provide the basis for a right-handed orthogonal coordinate system.

-- 1



z

P

Y

Figure 1. The Earth Coordinat System

Figure 2. The Course Vector

Let a course a be designated at a point on the earth's surface. We wish to determine
the unit course vector c in the direction a which lies in the tangent plane at the point
in terms of 0, A and a (see Fig. 2). An arbitrary vector a, defined at the point P with
coordinates (r, A, 0) and lying in the tangent plane at the point, can be rotated clockwise
(looking from P toward the origin) through an angle a by using the operation Rp(a)a,
where R,(a) is the rotation operator. Rp,(a) is a composite rotation in 3-apace and can be
decomposed into fundamental rotations in one of several ways. One way is to proceed as
follows: First, move P (carrying a with P) along its parallel of latitude to the z-z plane (the
Greenwich meridian); this is equivalent to a clockwise rotation about the x-axis through

2
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an angle A and is denoted by R.(A). Next, move P along the Greenwich meridian to
the equator: this is equivalent to a counterclockwise rotation about the V-axis through an

angle 0 and is denoted by Rg(-O). The point P now lies on the x-axis with coordinates

(r, 0, 0) and the vector a at P makes the same angle with the Greenwich meridian as it did
with respect to the original meridian at (r, A, 0). Next, leave P on the Greenwich meridian
at the equator and rotate a through an angle a about the z-axis; this clockwise rotation
in denoted by RL(4). The vector a has now been rotated ihrough the desired angle a

with respect to the Greenwich meridian. When P is returned to its original po•xtion by
reversing the steps which got it to the equator on the Greenwich meridian, it will have
been rotated through the angle a with respect to the original meridian of P, i.e. R,(O)
followed by R,(-A). The composite rotation operator Rp(a) is

R,(a) = R,(-A)R(O)R,,()R.(.-O)R,(,).

The course vector can then be written as c = Rp,(a)n. The fundamental z-, y- and s-axis
rotation operators are given by 1 0 o0

0- sinG aCos ][Zs 0 -sinG'
R,(O)-= 0 1 0 and

si 0 Cosa

coo sinG 010
R,(6) - sin- 0 coo 0]

0 0 1

These rotation vperators are consistent with a right-handed coordinate system and positive
jigns of 0 for a. counterclockwise rotation of the coordinate system or a clockwise rotation
of a point P about the z-, V- or z-axes, respectively, as viewed looking toward the origin
from the positive end of the rotation axis [Ref. 3, pg. 43 ana Ref. 4, pg. 100]. Some
simplification in determining R,(a)n can be obtained by noting that

.0"
R,(-÷)R,(A)nm = 0=- I

Thus e can be found from
C- a.(-A•)R,,(O)Rx(a)k. (3)

3



If an object's course vector c in known at some point with position vector p then it is
easily shown (see Fig. 3) that

n-c=csa and

Rom these relations, the course a is found to be

a = qatn(e, en c) (4)

where qatn is a quadrant determining arctangent function (fee Appendix A and Ref. 5).

IC

Figure 3. An Object's Coure

The course can also be determined from the great circle vector g that is defined by

g = xx, ()

where p = rx. From Figure 3 we see that the following relationships hold:

n.g=coeC=sina and

e-g=co87= -cosaJ

whence
a = qatn(, g, g-+ ) (6)

If the object is traveling with speed v and is not maneuvering, it's course will be a
great circle. Let v0 = Ceo denote the object's velocity vector, where co in its course and
po is its position vector at time 0. At some subsequent time t, the object's position vector
will be p(t) and

p(t) = apo + bvot (7)

4
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Pigure 4. The Velocity Vector

where a and b are to be determined (see Fig. 4). Dotting Equ. 7 from the right by Po, we

see that
p(t) -po = apopo

or, with angles in radians,

p .Po = -!p(t).PO

or

Similarly, dotting Equ. 7 from the right by Yo we find

p(t) vo =bvo vot = bv2it

or b , ,[.. s ,
Tt = W --pT) o = t ýi 7os)

so that

p(t) = poco -) + n

In terms of the unit vectors, this equation becomes

r)rxo coo ( ) + teo r sin ( ,

5
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or

Applications of the these relations are made in the following swctions of this report.

m. GREAT CIRCLE NAVIGATION.

The 'Direct Solution Algorithm,* computes the latitude and longitude of a position P2

and the backward azimuth from Pg to P, given the latitude and longitude of a position
P1, the forward azimuth from P1 to P2 aud the dirtance from P1 to P2. The 'Inverse
Solution Algorithm' computes the distance from position Pi to position P2, the forward
azimuth from P1 to P2, and the backward azimuth from P2 to P, given the latitude and
longitude of positions P1 and P2 . Details of these algorithms using the concept of the
general spherical triangle are presented in Reference 5. These models are redeveloped here
using the concepts of Section H.

A. The Dhwect Solution Algorithm. Given P1 (01,1A), forward azimuth (bearing) a12

and distance d, find h and A2 of P2 and the backward aimuth a 2 1 . Proceed as follows:
1. From 01 and A,, compute the components of x, using Equ. 1.
2. Compute el from

C = R,(-A1)j0)sa2k

3. Compute x2 using ( d) +c l .( ý).

Note, with d = vt in nautical miles and r - 60(1800/r), Equ. 8 becomes

X2 = X1COS( ) + cisin ( d)

where the arguments of the cosine and sine are now in degrees.
4. From the components of X2 compute

2 = sin-'(zk2) and

A2 = qatn(zj2, z12).

5. Compute =x x c I.
6. Compute n2 and ft using Equ. 2. I

7. Using Equ. 6 compute a21 = - qatn(n 2 g, -e 2 -g). Note that the sign change occurs
because lf2 is the backward azimuth.

6



B. The luveme Solution Algorithm. Given P1 (1, A1) and PA(2, A2 ), find the distance
d from FP to P2, the forward auimuth 'X12 from P1 to P2 and the backward azin. kth a2i
from P2 to P1. Proceed as follows:

1. From 0 and Ai compute xi, for i = 1, 2.
2. Compute d = rcos-I(xj x2), whence d = 60(180/ir) coo-I(xi '-2) is the distance in

nautical miles.
3. Compute nu and ei for i = 1,2 (eee Equ. 2).
4. Compute

This equation arises because the great circle passes through both x, and x2 , hence g
must be perpendicular to x, and to xg.

5. Compute a12 = qatn(n, .g, -el g).

6. Compute ft = - qatn(n2 • g, -e2 g).

IV. CLOSEST POINT OF APPROACH (CPA) PROBLEM.

Consider two objects traveling on different great circle paths. From Equ. 8, their tracks
will be characterized by the equations

xz(t) =-xocoswit+co•oin wt, fori= 1,2, (9)

where w• =- v,/r. At any time t, their angular separation s(t) in radians in determined by

coo(t) = X1 (t) -X2(t). (10)

The time of minimum separation (CPA) is that time T when l[coos(t)] = 0. That
is, we must find T such that

x, z(T) + !T)+ -(T) . x,(T)---O.

Unfortunately, this equation cannot be solved explicitly. One approach is to use the
Newton- Raphson iteration method [Red. 61 to find the root T of f(t), where

f W= x W + !! -M X2 (t).

Taking the required derivatives of Equ. 9 and performing the required dot products, we
find that

f(t) = A sin w t sin w2 t + B coeow t coe w2t + C sin w, t coo w2t + D cooe w t sin w2 t,

7
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where

A = -(WIXIO C20 + W12X20 'I)

B = w ici 2 + W2C2O -X0

C = -(WxX1 .X20 - 12C20 -Co) and

D = ----" O C20 - (*X2O • XIO.

The use of the Newton-Raphoon method requires that the derivative of f(t) with respect
to t, namely f'(t), be computed or estimated. We find that

f'(t) = -(Cw 2 + Dw) sinWIt sin W2t + (Dwg + CW,) cosB w cos W2t

+ (A2 - Bwl) si tcow 2 t - (B - Awl) coswitsinw2t.

The Newton-Raphson method requires us to compute

= ts - f(ts) for i = 0,1,.7 (1)

where to is an initial estimate of T, until some value of i is found for which f(ti)/f(ti) is
sufficiently close to ero.

The CPA option in the computer program (Appendix B) will print out the time to
CPA (from time t = 0), the distance between objects at CPA and the bearing from object
1 from object 2 at CPA. Also printed i3 the number of iterations required for convergence
of Equ. 11 to If(t,)/f'(ti)I less than 0.00001 hours A negative time to CPA indicates that
CPA has already occurred.

V. INTERCEPT PROBLEM.

The intercept problem is divided into two problems, each of which may require an answer.
In both problems we are given the initiai position, course and speed of a target as well
as the position of an interceptor or launch platform. In the first problem we are given
the time (or elapeed time) at which intercept is desired and ame required to compute the
vehicle speed needed for an intercept to take place. In the second problem we are given
the speed of an "ntercept vehicle and wish to compute the time required for an intercept
to occur provided an intercept can be made. Provision for both of these options is made
in the program presented in Appendix B.

A. Speed Required to Intercept. Inputs are the initial latitude and longitude of an
interceptor and a target, and the target course and speed. Also input is the time of
the desired intercept. Outputs are the speed required of the interceptor, the course of

8



the interceptor, the distance traveled to intercept, and the latitude and longitude of the
intercept.

From the inputs, use Equ. 1 to compute x1o and x20, the position vectors of the
interceptor and target, respectively, at time t = 0. Denote the time required to intercept
by t. Compute the target course vector, c2o, using Equ. 3 and then comxpute x2 (t), the
position of the target at the time of intercept, using Eqi. 8. The remainder of the problem
is solved using the invexse solution algorithm discussed previously. The speed required for
intercept is given by vi = d/t, where d is the distance Lrom the initial interceptor position
to the target position at the time of intercept.

B. Time Required to Intercept. Inputs are the initial latitude and longitude of an
interceptor and a target, and the target course and speed. For a given interceptor speed,
it may or may not be possible to make an intercept. We develop two sub-algorithms. The
first algorithm is t- compute the minimum interceptor speed required to achieve intercept
and the time required to make such an intercept. The second algorithm queries the user to
input an interceptor speed. If the speed is at least tha• required for intercept, then the time
required to intercept is computed. (If the interceptor speed is greater than the minimum
required, there are two possible solutions for the time to intercept-the shortest time to
intercept is computed by the algorithm). Outputs are the minimum required interceptor
speed, the time to intercept at minimum speed, the course of the interceptor, the distance
traveled to intercept, and the latitude and longitude of the intercept.

Thhe first problem is to determine the minimum speed, %., requimd to make an in-
terception. This can be accomplished by finding the time of intercept t. which makes
dt/dt = 0. We can relate v to i, the angular separaton !a radians, between the two points
x1 o and x2 (t) by the relation v(t) = rs(t)/t. We find that dv(t)/dt = 0 implies

--- fd s =0. (12)

Anticipating that it will not be posmible to Eind a closed form so; 'ation, we prepare to use the
Newton-Raphson procedure (Equ. 11). Multiplying Equ. (12) by t2 gives us the function

dt

for which we wish to find tm such that f(tm) 0 0. Also needed is

f'(t) d

9
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Using Equ. 10 to determine s(t) we find that

do I dx2(t) d
:=.tSMAX1 O d and

A cse a X-(0 +
IT si 8--[ a o + o t2

where (

xo' -d_ - -w Ix 'io.x2o0inW2t -xIo C2ocos,,] aad

x10 dt2x2  -W224 [XO* 2 C01 cow 2t + X10 C29gi SfWAt

The Newton-Raphson procedure continues until tm is found, then Vfm = r/tm.

The second problem is to find the time of interception tj when the interceptor's speed

"v, is given. Once more the Newton-Raphson procedure is used. As before, we can relate
vi to s(t), the angular separation in radians, between two points xho and x2(t) by tho
relation v(t) = re(t)lt, which tells us that we must require w, = e(t)/t. That is, we wish

.o find ty for which a(t1 )/tz equals the constant wl, or equivalently, we wish to find t, such
that f(tz) = 0 where

At*) = i - W.

Also needed is
W

The equation for cAjdt is the same as that given in the previous paragraph. The remahiing
output is found using the inverse solution algorithm for the points x1o and x2(tj).

10



V1. SAMPLE PROBLEMS

Madter Menu. The master menu for algorithm demonstration program is shown below.

ALGORITHM DENO

1) DIRECT SOLUTION
2) IXVERS SOLUTION
3) FIND CPA
4) SPEED NEEDED TO INTERCEPT
5) TIME N EDED TO INTERCEPT

6) QUIT

Problem 1. Suppose you are at San Francisco (latitude 37047' north and longitude
122°251 wst), that your initial course is 2600 and that you travel a distance of 4000 n. mi.
What is your final position? Select Option I from the master menu.

DIRECT SOLUTION

lot LATITUDE DD.MMSS (-S) ? 37.47
lot LONGITUDE DDD.MMSS (-E) ? 122.25
INITIAL COURSE DDD.NN SS ? 260
DISTANCE (n. mi.) ? 4000

SPHERICAL EARTH DIRECT SOLUTION
2ad LATITUDE 6041.9'
2nd LONGITUDE -172*00.7'
BACK AZIMUTH 51035.91

PRESS ANY KEY TO CONTINUE

I
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Problem 2. Suppose you are at San Francisco (latitude 37047' north and longitude
122 02 5 0 west) and that your destination is Sydney, Australia (latitude 330511 south and
longitude 1510 13' east). How far do yon travel, what is your initial course, and what is the
backward azimuth from Sydney to San Francisco? Select Option 2 from the master menu.

INVERSE SOLUTION

lst LATITUDE DD.MMBS (-B) ? 37.47
lot LONGITUDE DDD.MMSS (-E) ? 122.25
2nd LATITUDE DD.MNSS (-6) ? -33.61
2nd LONGITUDE DDD.WMS8 (-E) 7 -161.13

SPHERICAL INVERSE SOLUTION
DISTANCE 6446.3 n.ni.
? ORWARD COURSE 240018.91
BACK COUJWE 55045,91

PRESS ANY KEY TO CONTINUE

1
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"'roblem S. Suppose an observer is at 200 nortL, 600 west traveling on a course of
0100 at a speed of 15 knots. A target is reported to be at 34* north, 50* west on a course
of 2200 at a speed of 300 knots. Assuming that neither observer or target changes course
or speed, how much time will elapse until CPA and at CPA where will the target be with
respect to the observer? Select Option 3 from the master menu.

FIND CPA

1at LATITUDE DD.NNSS (-8) ? 20
1ot LONGITUDE DDD.MNBS (-K) ? 60
INITIAL COURSE DDD.NSS 7 10
SPIED (knots) 7 15
2nd LATITUDE DD.JMO8 (-8) 7 84
2nd LONGITUDE DDD.WIESS (-0) ? 50
INITIAL COR DDD.NMS8 7 220
SPEED (knots) ? 300

TINE TO CPA - 3h094,8s
DISTANCE AT CPA - 67.03 n.ml.
BEARING AT CPA a 304006.31
N0. ITERATIONS - 3

PRESS ANY KEY TO CONTINUE

13
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As an additional output, a table of ob•e-ver positions and target positions is given at
CPA and six equally spaced times before and after CPA.

FIND CPA

TIME LAT 1 LONQ I DISTANCE BE.ARING(i->2)

00 2000.0' 60000.O0 994.34 30018.8*
31338U 20007.81 59058.51 829.45 29031.61
thOsals 200 15.61 59057.11 664.78 28021.6t
lh34n54s 20023.41 59055.51 500.56 20020.31
2h0321 20031.2# 59054.11 337.43 22039.8#
2h38aOs 20038.91 59052.71 178.42 12002.71

h09m48Um 20'046.71 59061.2' 67.03 304006.3'
3h41827 20054.50 59o49.71 178.43 236010.01
4h1305s 21002.31 59048.2' 387.43 225033.21
4h44m03 21010.11 59046.71 500.58 221047.31
h16821s 21017.91 59045.31 664.41 219052.71

5h47m598 21025.71 59043.81 829.5 218043.71
6ht9f7t 21033.41 59042.31 994.41 217057.60

PUBSS ANY KET TO CINTINUE

14
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Problem 4. Suppose an obsaver at 20* north, 60 west wishes to launch an. inter.-
ceptor at a target reported to be at 340 north, 50 west on a course of 2200 at a speed of
WO knotL If interception is required to take place 45 minutes (2700 seconds) after launch,
how fast must the interceptor travel, and where will the intercept take place? (Assume
that the target does not change course or speed.) Select Option 4 from the master menu.

SPUD NEIED TO INTERMT (1->2)

lst LATITUDE DD.IOI8 (-S) ? 20
lot LONGITUDE DDD.NMS8 (-1) ? 60
2nd LATITUDE DD.MNSS (-S) ? 34
2nd LONQITUDE DDD.NNMG (-0) ? 60
2nd COURSE DDD.NMSS ? 220
2nd SPIED (knot2) ? 600

TIRE TO INTERCPT (SECONDS) ? 2700

8PEED REQUIRED * 730.1 knots
BALUING TO INTERCET - 26*06.9'
RANGE TO INTERCEPT a 547.5 n.ii.
LATITUDE OF INTERCET - 28008.0'
LONGITUDE OF INTERCEPT n 5527.6'

0) CHANGE TIM OF INTERCEPT
2) NEW PROBLVI
3) MNATER MENU

15



Problem 6. As in the previous problem, suppose an observer at 200 north, 60° west
wishes to launch an interceptor at a target reported to be at 34 north, 600 west on a
course of 2200 at a speed of 600 knots. If the maximum speed of the interceptor is 700
knots, how long will it take before interception can occur, what should be the interceptor's
initial great circle heading, and where will the intercept take place? (Assume that the
target does not change courze or speed.) Select Option 5 from the master menu.

TIME NEIDD TO INTERCEPT (1->2)

est LATITUDE DD.MMS8 (-S) ? 20
lset LONGITUDE DDD.NMSS (-E) ? 60
2nkd LATITUDE DD.=MSS (-B) ? 34
2nd LC•NGITUDE DDD.VMSS (-Z) ? 50
2nd COURSE DDD.MMBS ? 220
2nd SPEED (knots) ? 600

MINIIM SPEED REQUIRED TO INTER=EPT 62 .6 knots
TINE RZEQD TO INTERCEPT AT MIN SPEED * lh39.60s

INTERCEPTOR SPEED (knots) ? 700

TIME REWIRED - 46.03.
BEARING TO INTERCEPT - 25656.1'SRANGE TO INTERCEPT - 537.2 n.aj.
LATITUDE OF INTERCEPT - 27*59.61
LONGITUDE OF INTERCEPT - 55634.71

1) CHANGE INTLEC R SPEED
2) NEW PROBLEM
3) MASTER MENU

--I
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APPENDIX A: The QATN Function

This routine is the standard arctangent function corrected for quadrant. The quadrant arc-
tangent function in occasionally implemented an the ATAN2 function, the ANGLE function
or the Rectangular-to-Polar function.

Entering variables are the z- and y-coordinates, X and Y. The exiting variable is
the angle 8, where -ir < 0 < r, Use of the quadrant arctangent function is denoted by

S-qatn(Y, X).

1. If X ý 0, go to step 4.
2. Set 8 = (,/2) *•sp(Y).
3. Go to step 8.
4. Set e = arctan(Y/X).
5. IfX > 0, go to step 8.
6. Set 9 = O+r*sgn(Y).
7. IfY =0,et 0 =r.
8. Return.

Note:
If Y > 0 then agn(Y) = +1.
If Y = 0 then sgn(Y) = 0.
If Y < 0 then egn(Y) = -1.

Users of Microeoft BASIC can simplfy the qatn function significantly by using the code
given below. To return an angle of 8 (designated by A in the code) in the range of (-ir, T),
use:

PI - 4*ATH(1): TP - PI + PI: EPS - 1E-33

A - ATN(T/(X-KPS*(X-0))) - PI*(X<O)*(SrN(Y) - (Y-0))

To return a value of A in the range of (0, 2), use:

PI - 4*ATN(1): TP - PI + PI: EPS - 1E-33

A = ATN(Y/(X--EPS*(X-0))) - PI*(X<O) + TP*(X >= 0)*(Y<O)
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APPENDIX B: Program Listing

10 ' RXECT COORD ALGOIITIS6 &.I. SHUDDI. 03-03-86. UEV. 03-19-88 1000
13 ' &=CALG.A*A

100 DDUWL A-Z
110 P14oATN(10) : PX2wP4+P14: PIuP12+PI2: TPuPI4P!: lD-PI/ 1800: EPlo1D-33
120 A&800*3609/TP
130 DEF FNM(I)ml-NO*INT(I/MO):' X MOD NO FUNCTION.
140 DRY Flq(1).I-TP*INT((I+PI)/TP): 8 LON017MD ADJUST (-PI.PI)
110 DIF m(z)-INr(z*D.6e. )/NO:' ROUNDING FUNCTION.
160 DIF FN0X)uZPI*BN(X) *(ADS (1):PI2): 0LATITUD2 ADJUST (-PI/2,PI/2)
170 DEF FNACI(z).ATN(Uql(1#-X*X)/(X-KPI*(X.00S)))-Pl*(I'c00): ARCCOS
180 DEF FNAENm)ATIW(s(Ql(1#-X.I)-ER5(ADS(I).1#))): 11ARMSIN
190 'QATI (-PIPI) FUNCTION:
200 DIF FNATN2(!r.X)-ATN(T/(X-RMs(1.0)))-PI*(X00)*(SGN(T)-(TiNO))

4210 'QATN (0.TVOPI) FUNCTION:
220 DEF FNATNPCT,X).ATN(T/(X-El8*(X.00)))-PI* (X<O#)TP*(X1.Oe)*(Y0O)
230 'CANS PRODUCT: X(.)-I1(.) 1 X2(.):

240DRYFNCE(nYIiY .Z1.f2.Y2Z2)-Y!1*Z2-Zl*Y2
250 Dgr FNCT(fl.1,YlZi12,Y2,Z2)U12*Z1-Z2*XI
260 DRF INCZCI1,YI.ZI.X2.T2,Z2).Ii*Y2-YI*12
270 2MT 2000

1000 DECIMAL TO INMM5
1010 V*nO *:IF X(0 TIM V$.'-f:X'-X
1020 Xu'Z.1/7200#:Y-IUT(X) :ZmLN(ST*(T))-l
1030 K~.0:IF TOO TIM V-V*.RIGaE(O O.UTl(Y),Z).'hO:Klu.1
1040 1.60* (l-T) : YINT(X)
1060 F107 TOOR0 KI'1 THEN I$8Th*(100#T'): :*VsXI(,2)*
1060 X..60*(I-Y) :YDINT(X) :Z*.TU(100'+Y) :*VHuIGIT(X *2)tsa :RZTURN
1070':
1060 DECIMAL TO ODD MN. F
1000 VW 4 I 17 O TIEN "nm V- -: .- X
1100 wX+I111200#:YvINT(X) :VV*.1+IGIT$(m ffiSTR$(Y) .3).CD*(248)
1110 X.600#*(X-Y) :Y11?N(X) :X*.STW(lOO0Y)
1120 V$-V"eID*(I*.3,2)+.m'.1IGIT(I*.1)+20:RETMf
1130':
1140 DDD).NDIS TO DECIMAL
1150 11.0:701 Va~l TO L():ulD(VI1IFC$in'.OTNErNIZI
1160 NXT:I7 MOO0 TIES 1.VALCV:IETUUN
1170 X-VAL(LRT*(V.II)):SN1:IF X(00 T=3 SN=-SN:X--X
1180 V*.V*.OOOOO:YmVAL(MID$(",IX.1.2)): :ZuAL(MIDO(VX.3.2))
1190 X.3N*((Z/600#Y)/60#1): RETURN
1200':
1300 DIRECT SOLUTION, SPin EAITH-RECT CUORD. ALL ANGLES MUST BE IN RADIANS.
1310 'INPUT: L.ATITUDE P1. LONGITUDE Ll. FORWARD AZIMUTH A12 AND
1320 ff DISTANCE DD TO A POINT P2. NOTE: DD IS IN RADIANS.
1330 'OUTPU: LATITUDE P2, LONGITUDE L2 AND BACKWARD AZDIUT A21.
1340 P-P1l:L--L:GSDM 1760:'CMIG SIGN OF LI GIVES RIGHT-BMOD3 COORDS
1360 FOR Il-I TO 3:POS1(II)-POII(II):NORTI1(II)"NOITH(Ii):KA8T1(I93'E&ST(I!):

NEXT
1360 GOSUIB 1810:CD-COS(DD:0DSIN(DD)



1370 MO II*I TO 3:POU2(I1)mPO51(It)*CD.CVE1(11)*SD:NEI
1380 L2.'FNATN2(P032(2) ,P032(1)) :P2-flMISN(P032(3)) :P.P2 : LL2: 003B13£750
1390 XmG9=4~) *iUT(1) .GMF(2) *ZAST (2) +GVEC(3) *EAST(3
1400 Ym-(VCM(1) *NOITEI1).GVM(2)*NORTH(2).tGV=(3)*NOITH(3))
1410 A21'FNATNP(Y,X) :L2u-L2: RETURN: 'CONVET BACK TO LEFT-HANDED OUTPUT
1420
1500 *INVERSE SOLUTION. 8PIER EARTH-RECT CUOOD. ALL ANGLER MMS BE IN RADIANS.
1510 'INPUT. LATITUDES P1 k P2, AND LONGITUDES Li k L2.
1520 'OUTPUT: DISTANCE DD MO A POINT P2. (NOTE: 0 <- DO <- PI RADIANS).
1530 a FORWARD AZIMUTH A12. AND BACKWARD AZDMUT A21.
1540 P..P1:L--L1:G0SUB 1750:' CNN0 SIGN OF Li GIVE RIGIT-HANDED COORDO
1580 FOR Il-i TO 3:POS1(I!)-POBI(It):NRTNI(It)nNORTE(It):EASTI(I9UEABT(I1):

NEXT
15600 PhP2:L--L2:GOSUB 1750:' CHUG SIGN OF L2 GIVE RIGHT-HANDED COORDS
1670 701 Ifni TO 3:P032(It)-P03I1():NOTRT2(II)mNOTRT(It):EAT2(II)EAT(I!):

NEXT
1580 DDEFIAM(P0S1(1)*P0S(1)tPC01(2)*POS2(2)*PO81(3)*POS2(3))
1500 X.FNC(PO01(l),POSI(2),POBi(3).POS2(l),P052(2),P052(3))
1600 YwF'IY (POSI(1), P081(2). PON1 (3) P082 (1).P082 (2). P0820))
1610 ZuF=0Z8PO(1(), POOL(2), POOS1(3), P082 (1). P082 (2), P092(M))
162 A12YIIAtNP(X*NORTHI(1)eY*NOITI1 (2)+Z*NRTE1 (3),

-(X*EABT1(1)i.Y*EASTI(2)i.ZsEAT1 (3)))
1630 A21UrNATNP(-(X*NORTN2(1).Y*NORLTI2(2).Z*NOITI2(3)),

X*3AMT(1)iY*EAMT(2)eZ4A&ST2(3))
1640 RETURN
1650'
1700 CA'.CO8(A) :2AmOIN(A): :TY*CA+Z*A: Z.Z*CA-Y4SA:YiT: REMUR:, X-AXIS ROT
1710 CA"'COS(A) :8A'SIN(A) :T-Z*CA.XiA:Z..X*CA-ZeSA: ZT: RETURN" * -AXIS ACT
1720 CA-COS(A) :SAIN(A) :T.X*CA+Y*SA:Y.Y*CA-X*SA:X.T:RETtIB:' Z-AXIS ROT

*1730':
1740 'UNIT VECTORS: POSITION, NORTH k EAST.
1750 51.4111(L) :CLCOS(L) :SP4OIN(P) :CP-COS(P)
1760 POSI(1)uCP*CL:POSI(2).CP*BL:POSI(3)nSP
1770 NORII(1)u-SPsCL:NORTH(2)u-SP*SL:NORTH(3)mCP
1780 EABT(i)m-SL:EiST(2).CL:EAST(3).0:RETUIN

4 1790
4 ~1800 'VECTORS: CVECCENRSE k CVECuGREAT CIRCLE NORML

1810 I-0:T-0: Z-1: A-A12:COMUM 1700:A-P:GOSUB 1710:A--L:GOSUD 1720
1820 CTEC1(i)'.X:CVEC1(2)-T:CVWc1(3)-Z
1830 GVE(I).FNCX(POSI(1).POSI(2),POS1(3),CTECI(i),CVEI(2).CVEC1(3))

*1840 QVEC(2).7NCT(POS1 (1), PON1(2), P081(3), CT2C1(1), CVwl(2), CVZE(3))
1850 VCM(3)uFNCZ(POSI(l),POSi(2),POSI(3).CVECI(i),CVIUC(2),CVKCI(3))
1860 RETURN

2000 CLS:PUINT SPC(20) ;NALOOKITEM DOM
2010 PIIN:P&IN:P1.NT
2020 PRINT SPC(15);1l) DIRECT SOLUTION
2030 PRINT7 SPC(15);02) INVERSE SOLUTION
2040 PRINT OPC(15);03) FIND CPA
2050 PRINT7 SPC(16);84) SPEE NEEDD TO INTERET
2060 PRINT OPC(15);56) TI NEEDED) TO INTERCET
2070 PRIN:PIIN SPC(IS);0O) QUIT
2080 (JOSU 9010:C=VAL(C$):ON C 00313 3000,4000.6000,6000,7000.S00
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2000 GOTO 2000
2100 '
3000 CLI :PRINT UPC(I5);'DIRECT SOLUTION*: PRINT: PRINT?
3010 PRINT SPC(l0);:F1MN mist LATITUDE DD.1615 (-S) U;

3020 INPUT W:00111 1150:P1*I*RD
3060 PRINT SPC(10);:P1MN mist LONGITUDE DDP.IAI (-E) '
3040 INPUT V0:GOSUB 1150:Ll=I.RD
3060 PRINT? EP(10),:PIINT 'INITIAL COURSE DDD 013 '

3060 INPUT V:GOSUB 1160:A12-1*RD
3070 PRINT? BPC(l0);:1IMPUT 'DISTANCE (n. mi.) ? ',D
3060 DI=D*RD/606
3000 W01000
3100 DD-DI:GOSUD 1340:PRINT.PRINT OPC(8) ;'BP!D.CAL EARTH DIRECT SOLUTION
3110 PRINT? MP(12);02&d LATITUDE ';:1mP2/RD:WOUU 1000:PIINT VO
3120 PRINT BPC(12);112d LONGITUDE 0**XuL2/Bl*00FAJ 1000:PRINT V*
3130 PRINT OPC(12); mEACI, AZIMT ';:1mA21/RD: COMM i090:PRINT V
3140 001113 9000:00Th 2000
3150
4000 CLS:PRINT SPC(15);'INYEISE SOLUTION':PRINT:PUNT
4010 PRINT MP(10);:PIN 'list LATITUDE DO AWW (-S) '
4020 INPUT T*:OSUB 11S0:PlmI
4030 PRINT SPC(10);:FW1N mist LONGITUDE DDD.NIEB (-E) E

4040 INPUT "I:080U 1150:LI*X
4050 PRINT? BPC(10);:PIXN '2nd LATITUDE D.MhSU (-1) '

4060 INPUT V:OMBUB 1150:P2uX
4070 PRINT SPC(10); :PIIN '2nd LONGITMD ODDD3013 (-E) '
4060 INPUT V$:OOSU 1160:1,24
4090 P1EPI*RD:P2oP2*RkD:Ll~mL1*RD:L2mL2*4D
4100 DDw41: (MEW 1640
4110 PRINT:PRIN WP(S) ; SPEUICAL I111381 SOLUTION
4120
4130 PRINT BFC(12); ffDISTAN(Z 6;
4140 iI0.100:PRINT 73R(60#*DD/&D);* n.ai.
4150 PRINT MP(12);mFOIVARD COURSE 0; :XmA12/RD: 003U3 1000:PRINT V
4180 PRINT MP(12);'IACK COUJRSE 0;: X.A2l/RD: COMM 1090:PIINT V$
4170 GO3MM 9000:G0Th 2000
4180 1
6000 CLIPRIN? SPC(20);OFIND CPA8:PAIN:PRX1NT
5010 PRINT WP(10);:PLIN "lit LATITUDE DD.W013 (-S) '

5020 INPUT V$:GO8UB 1150:PlaI*RD
5030 PRINT SPC(10);:PMfI *lot LONGITUDE, 000.301 (-E) '

5040 INPUT " :GOSUB ii6O:L1.X*RD
5050 PRINT 8PC(10);:PRIIIT *INITIAL COURSE DDD.W343 '
5060 INPUT V$:GOUUB 1150:A1.X*RD
5070 PRINT 8PC(10);:INPUT muPm (knots) T9 9.1
5080 PRINT BPC(i0);:PRflI m2nd LATITUDE ODIOUWS (-$) m;
509 LIMPU VS:G0503 1160:P2=XsRD
5100 PRINT SP(10);:PIINT 162nd LONGITUDC DDD.1018 (-E) *
5110 INPUT V:GOSUB 1150:L2wX*RD
5120 PRINT 3PC(10);:PIINT 'INITIAL COURE 000.3033'
5130 INPU VS:GO3UB 1150:A2nXsRD
6 140 PRINT EPC(10);:INPUT ISP~ (knots) ? 82
6150 B3131/AE:B2-S2/AE
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5160
5170 P-PI:L--L1:GOSUD 1750:' GIN SIGN OF LI G1YIV SlOE7-HANDED COORDS
5180 FOR 11.1 TO 3:11(l1).POII(II):N!XT
5190 X-0:Y=-0:Z-:AwA1:GOSUT3 1700:AkP:008U 1710:As-L:GOSUD 1720
6200 C1()'X:C1(2Y:C1(34
5210 PuP2:L--L2:OOSU 1760:' CIIN( SIGN OF L2 011E RIORT-KANDE cGOlDD
5220 FOR 1in1 TO 3:12(II~mP0SI(II):HXT
5230 Z'.0:YuO:Zoi:AuA2:GOUU 1700:A*F:GOOUI 1710:A-L:G091T 1720
5240 C2(1)-X:C2(2).'Y:C2(3)mZ
6250'
5260 X1C2.Xl(l)*C2(1)eXl(2)*C2(2)+X1(3)*C2(3)
5270 C112.C1(1)*12(1)+C1(2)*X2(2).CI(3)*12(3)
5280 X112.Xl(1)*X2(1)+Xi(2)*12(2)*Xl(3)*12(3)
5290 CIC2-C1(1)*C2(1).C1(2)*C2(2)+C1C3)sC2(3)
530C U-BA.3*X1C2 - B2*01X2
5310 811m 31*C112 + 82*X102
5320 BCm-81*1112 -o B2*C1C2
5330 3DO B1*CiC2 - 32*1112
5340
5350 T1I:IT!0:' ITERATE WITH NUTUN-RAPHBON
5360 DITD~i*T:B2T152*T:SIUSIN(B1T) :CtaCOS(B1T) :82-61(32T) :C2mCOS(B2T)
5370 SiB2-81*02:CIC2=CIsC2:81C2181*C2 :C1S2mC1*82
5380 F-BA*8132e33*C1C2g.DC*61C2,BD*C1S2
5390 FPw-(BC*32eBD*Bl) *6192*(3D*B2+Bc*31)*CIC2.(DA*32-B3*B1)*61C2-

(BB*B2-A*81) *Clg2
540 T1u71.171:COU~mF/FP:"T-con:rIF AN (can)( 0 03,01 THUN 5440
5410 IF IT1)50 TIEN PUINT ENO CONVDRGENCEN:STP
5420 0070 536
543 0
5440 B1TD1l*T:32TB52*T:CD1TAOU(31T) : 81T-IIN(DIT) :CB2T.08(132T): 5827.811(32T)
5450 FOR lint TO 3:POUI(II)mXI(I1)*CBIT4.C1(II)*BBiT
5460 P082(II).X2(Il)*C32TiC2(Il)*832T:NFIT 11
5470 P1-FNA8N(PO81(3)) :L1'-FNATN2(POU1(2).POS1(1))
5480 P2-FNA3N(P082(3)):L2.-FNATN2(P082(2) ,P082(1))
5400 00SU0 1540
5500 X.T:GOIUD 1O10:PUNT:PUINT SPC(1);4TIME TO CPA
5510 N0m100:PRINT SPC(1);"DISTANCE AT CPA w O;F7R(60#*DD/RD);* n~mi.
5520 PRINT UPC(10);O3EAIING AT CPA em ";:XsA12/RD:GGMUB 1090:PRINT V$
5530 PRINT MP(10);"NO. ITERATIONS m* ;ITI
5540 TCPA-T: G0SU3 9M0
5550a
5560 CL8PRINT UP(22),OFIND CPAm:PRINT
5570 PRINT 11 TINE LT 1 LONG 1 DISTANCE DEAMIG(i->2)'
5580 DT-TCPA/6#:T.0:FGI VtI- TO 13:BIT=D1*T:B2T-32*T
6600 FOR lint TO 3:POS1(!I).K1(II)*COU(BIT)g.C1(II)*SIN(DIT)
5600 P032(I1)m12(II)*COI(B2T)sC2(Il)*SIN(B2T):NEI 11
5610 P1-FNAN(POU1(3)) :L1'.-FNATN2(POB1(2).POB1(1))
5620 P2-FNASN(P052(3)) :L2--7NATN2(POS2(2),P052(1))
5630 ODOM1 1640
5640 1-7:00811 1010:P3INTV;
5660 LOCATE CSRLIN.I2:X=P1/RD:GOSUB 1090:PILINT V$;
5660 LOCATE CSRLIN,23:XoLl/lD:GOSUI 1090:PUMT *
5670 LOCATE CSILIN,37:PRINT FNR(W0*DD/RD);
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661jo LOCATE CMtIN.52:X(mA12/1D:G08U5 1090:PLXNT 1
5690 T-TiDT: NMT TI1
5700 GOI8US 9000:QZOTO 2000

600 CLB:PUNT SPC(10);OSPM NEEDED TO INTERCEPT (1->2)8: PIINT: PRINT
6010 CLN~u0:GOB1B 6610:' GET INPUT
6020 CLN1m10:L0CATE CLNI.1:FOI 11=1 TO ii:PRINT OPC(79):NEXT:l CLEAR SCREEN
6030 LOCATE CIA,.11:PU3NT OTDEE TO INTEM? (SECOND) O;:INPtJT TMil
60W TiNIwTh/3600#: TN.NI: :P1.PIS: LiLlS: P2P28: L2wL2: :A2wA28

a0m0 CUWUTE BPEED
6070 P-PIS: L--LS:GOSUD 1750: ' CENG SIGN OF Li GIVES RIGNT-RAJIDED COORDS
6000 FOR 11.1 TO 3:X'L(ItOwPOSI(I: NEXT
6000 P-P28 : L-L23 : ooMi 1750:,' CHllO BIWA OF L2 GIVES RIORT-IANDED COORDS
6100 FOR Vol1 TO 3:12(l O)POSII0: NEXT
6110 Xm0:Ym0:Zul:A.A2:QOOSU 1700:AmP:OOSUS l710:Aw-L:GOSUB 1720
6120 C2(l)-I:C2(2)=Y:C2(3)'.Z
6130 52T9Q2*TN:CB2T.COS(52T) : 82T'81N(52T) :CE"O#
6140 F03 11=1 TO 3:P052(It)m12(11)*CB2T.C2(II)*D82T
6150 c9CS..1l(I0)*P02(II):NE1T if
6160 IiNFUACU(C8) :SPD-UeAE/(TM-EPBd'(TMu0))
6170
61l0o GET INVUEM BO1IN
6190 P2.FNAN(P052(3)) :L2w-FNATN2(P052(2) ,P032(1)) :080 1540

6210 NOIO:LOCATZ CLN1*2, 1: PRINT 'SPEED REQUIRED a 'O7FN(SP)*' hnoto'
6220 308UD 6810:' PRINT OUT SEARING, RANGE, LAT & LONG
6230 LOWAE CLN1%e8.15:PRXN '1) CEANGE TINE OF IWTDRCEPT'
6240 LOCATE CLN%.O. 15:PRINT 22) NEW PROBLENO
6260 LOCATE CIA.+ 10, 16: PUNT 03) MASTfl 31310
6260 CO8BB 0010:CmVAL(C*):GN C GOTO 6020,6000,2000
6270 GMT 6260
6280
6600W INPUT ROUTINE
6610 LOCATE CIA%+S,11:PKINY mist LATITUDE MI.MS3 (-0 U

6620 INPUT ?:GOSUB 1160:PIS-F*RD
653 LOCATE CLN%.4.11:PRINT Ole% LONGITUDE DDD.NMSS (-E)
6640 INPU '18:O050 1150:L131X*RD
6560 LOCATE CIA.+6.11:PRINT 02nd LATITUDE DD)O1S (-B) 0;
666 INPU V0:00SUB 1150:P20=I*RD
86570 LOCATE CLN%+G,11:PRINT '12nd LONGITUDE DDD.MIBS (-E) ~
6580 INPUT 7$:GOSBM 1160:L28m14RD
6500 LOCATE CIA%+7,11:PRINT 'land COURSE DDD.Mg '

6600 INPUT V$:GOUBM 1150:A28nX*RD
6610 LOCATE CLNFS8,11:INPU 'lad SPEED (knots) ? '.02
6620 32=82/A&:URTURN

6800 -OUTPUT ICA R NO, LANCE, LAT & LONG
6810 LOCATE CLN%+3,11:PRINT OBEARING TO) INTERCEPT

!R20 XmAl2/RD : GOSUD 1000: PRINT "1
6830 LOCATE CIA%+4.11:PRINT ORANGE TO INT131W? = ';FNR(80@'*)D/1D);O m~zi.
6640 LOCATE CLNI1+5.11:PRINT OLATITUDE, OF INTERCEPT-
U650 I-P2/P.D:GOSUD 1090:PRDIT V$
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6860 LOCATE CLN*6.11:PRINT *LONGITUDE OF INTERCET a
6870 X~mL2/RD:GOStJ3 1000:PR2IN V1

6800REUR

TOM0 CLS:PRINT IPC(10);8TIN NEEED TO INTERCET U1-4)":PR~INT: PRINT
7010 CUNIu0:GOEJB 6510:* £ZT INPUT
7020
7030 *FIND Vain AND Thin vel.
7040 1Comput arc distance 8
7050 P-PIS: L-i-LIS: COMM 1750:" (CNG RION OF Li GIVES RIGHT-HANDED COORDS
7060 M0 Val1 TO 3-11(II)"'POI(I: NEXT
7070 PP2U:Lm-L2S:GWSl 17KC:' CING SIGN OF L2 GIVES MKIGT-HANDED COUIDS
7080 FOR I1.1 TO 3:12(1 )"POSI(I 0: NEXT
7090 Z-0:T=O:Z-1:AwA2l:GOSUB 1700:AmP:6OSIJB 1710:Aw-L:GOSUD 1720
7100 C2W1muI:C2(2)wY:C2(3)wZ
7110
7120 INITIALIZE
7130 X1X2.X1(l)*X2(1).'Z1(2)*12(2).Xi(3)*12(3)
7140 XIC2.XI(1)*C2(i)eI1(2)*C2(2).Xi(3)*C2C3)
7150:
7160 W FIN ITUATICDJ
7170 WWIKAC(1112): :Tu*AI/82: IT I1ml
7180 B27"mB2*T:(Z2T*CO(32T) :532T-UINCD2T)
7100 CS-IXM*CB2T+X1C2*SB2T: SwFNACU(C8): 884IN(8)
7200 DUDT- (X112e'832T-XlC2*cD2T) *D2/9S
7210 F-T*NBDT-8
7220 rPUT*(B2*82* (X1X2*C32Te11C2*652T) -c8*D6T*DSDT)/9S
7230 ITI.ITI.1:C0R,.F/FP:TmT-COUl:IF ABB(COR),(.00001 THEN 7270
724 IF IT! )50 THEN PUNT mNO CONVUERMCEOMSOP
7250 JOTO 7180
72600
7270 TMSwT:VMINanS*AE/T
7280 LOCATE CLN%elO,1i:MO-10
7290 PRINT 'MINIMM SPIE REQUIRED TO INTERCEPT a';rNRCYMIN) ; knots'
7300 LOCATE CLNA.ii, 1t:ZmTM: COMM 1010
7310 PRINT 'TDM 9QlL TO INTERCEPT AT MIN SPEE -0
7320
I33 CLNIIlS:LOCATE CLNIi:FO1 11=1 TO 1IJ:PRIN SPC(79):NM1T:` CLEAR SCREENI
7340 LOCATE CLNL 11: PUN8T NTXRERTOR SPIED (knots) 9;:INPUT SPI)
7350 IF SPD)-VUIN THU 7390
7360 LOCATE CLN%.2,i1:PRINT OSPEE TOO LOW, CANNOT INTERCET'
7370 GOSU 9000 GOTO 7330

730 D1mSPD/AE:?ThSM/F: T?-.1 :ITI'u1
7400 D2T4B2*T:CI2TmCO~!!'4*) ):B32T-SIN(B2T)
7410 CIw~iX2*CD2T'11C2*852T: S7"NACS (CS) :SS.SIN(S)
7420 DSDT=(L122s552T-X1C2*CS2T) *B2/98
7430 751/T-Bi : FPu(D=D-S/T)/T
7440 ITI =IT I +1:COlRRF/FP: T"T-coRI:IF ABS (CORR)<.00001 THE.N 7500
7450 IF IT!)n THEN PRINT 'NN CONVEZGENCE:STOP
7460 IF AB8(CDIR)( 10000000006 THEN 7400
7470 LOCATE CLNI.2,11:PRrNT OSP~ TCO HIGH, NO COrJ3GICv
7480 LOCATE CIA*+4:GOSUE 9000:0OTO 7330

24



pvVm ý ý WWK - mmMPi' TWIN. W.a W- uAn V,,s- U~'w'w. ~ - ,..'

7490
7500 X'T:OOUUD 1010
7310 LOCATE CINt2,1i:P10h? OTINE R UIRDM ";
7520
750 GET INVUBE DOLl
7540 MO Val1 TO 3:P012(l19mX2(It)*CB2T.C2(II)*132T:NET 11
7550 Pi.PIS:LlmLIU:P2.FNABN(P082(3)) :L2m-FNTN2(P082(2) .P032(i)) :GOPJ 1540
7560
7570 MM8 6810 FUNR OUT BEARING. BANIEGE LA? & LONG
756 LOCATE CLIeS * 15:PR 4UJf*1) CZRJGE INTEMEPTO3 SP1O
7590 LOCATS CLNFO .15: PUNT 02) ME PIOLD(m
7600 LOCATE CLNo10.15:PRIhT "3) MAR82 NEWl
7610 008W 9010:C*VAL(C*):LW C 00TO 7330,7000,2000
7620 C0TO 7610

a00 CLB:UD
8010
9000 PRIMIT:RNT 8PW(1);OPUU ANY KEY TO CONTII(E
9010 FOR V1a1 TO 9:C$wINIEY*NE[T
9020 C$nINIET*:IF C*E"l TUN MA2
9030 RETUR
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